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1. (15ps) For any 𝑥 ∈ ℝ ⧵ ℚ and 𝜖 > 0, there is 𝑟 ∈ ℚ with |𝑥 − 𝑟 | < 𝜖.

2. (10ps) Prove that for any 𝑏 > 0 there is a non-measurable set𝒩 ⊂ ℝwith |𝒩 |𝑒 = 𝑏 where
| ⋅ |𝑒 denotes the Lebesgue outer measure of a set.

3. (15ps) Prove that if 𝑓 ∈ 𝐿1([0, 2 𝜋]), we have lim
𝜆→∞∫

2 𝜋

0
𝑓 (𝑥) 𝑠𝑖𝑛(𝜆 𝑥) 𝑑𝑥 = 0.

4. (15ps) Let 𝐸𝑘 ⊂ [0, 1] be a sequence of measurable sets such that for any finite set of indices

𝑖1, 𝑖2, ..., 𝑖𝑘
|𝐸𝑖1 ∩ 𝐸𝑖2 ∩ ⋯ ∩ 𝐸𝑖𝑘 | = |𝐸𝑖1 | |𝐸𝑖2 | ⋯ |𝐸𝑖𝑘 | .

Prove that if
∞
∑
𝑘=1

|𝐸𝑘 | = ∞ then | 𝑙 𝑖𝑚𝑠𝑢𝑝 𝐸𝑘 | = 1 , where | ⋅ | denotes the Lebesgue
measure in ℝ.

5. (15ps) Compute lim𝑛→∞ 𝑛3 ∫
2𝑛

𝑛
𝑥

𝑥5 + 1 𝑑𝑥 .

6. (15ps) Either prove or give a counterexample to the following statement. If 𝐸 is measurable

and |𝐸| < ∞ then ∀ 𝜖 > 0 ∶ ∃ 𝐾 ⊆ 𝐸 where 𝐾 is compact and |𝐸 ⧵ 𝐾| < 𝜖.

7. (15ps) Suppose 𝑓 ∈ 𝐿𝑝([0, ∞)), 𝑓 ≥ 0, 1 < 𝑝 < ∞, 1
𝑝 + 1

𝑞 = 1. Let

𝐹(𝑥) = 1
𝑥 ∫

𝑥

0
𝑓 (𝑡) 𝑑𝑡, 𝑥 > 0 .

Prove that ‖𝐹 ‖𝑝 ≤ 𝑞 ‖𝑓 ‖𝑝 .
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