NCU Ph.D Qualify Exam, Real Analysis, PR AZ{E +ERE-FE
February 2025

. (15ps) Forany x € R \ Q and € > 0, there isr € Q with |[x —r| <e.

. (10ps) Prove that for any b > 0 there is a non-measurable set #/° C R with |/#|, = b where

| - |, denotes the Lebesgue outer measure of a set.
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. (15ps) Prove that if f € L'([0, 2 x]), we have }im J f(x)sin(Ax)dx = 0.
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. (15ps) Let E;. C [0, 1] be a sequence of measurable sets such that for any finite set of indices

i1y i o i
E, 0B 0 nE,| = [E|IE] - IE,|.
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Prove that if Z |E| = oo then |limsup E,| = 1, where |-| denotes the Lebesgue
k=1
measure in R.
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. (15ps) Compute lim n’ J X dx.
n—oo n X +1

. (15ps) Either prove or give a counterexample to the following statement. If E is measurable

and |[E| < cothenVe >0 : 3K C E where K is compact and [E\ K| < €.

. (15ps) Suppose f € LP([0,00)), f >0, 1 < p < oo, % 1o et
q
F(x) = lj f)dt, x>0.
X Jo

Prove that |F|, < q|fl, .



