hRARBEITERZE--BEE KB -NCU Ph.D Qualify Exam, Real Analysis.
August 2025

Keep in mind that both the correctness and quality of proofs are important. All sets
and functions are assumed to be Lebesgue measurable unless said otherwise. The

notations | - |, | - | denote the Lebesgue and Lebesgue outer measure respectively.

1. (15ps) Suppose gi,g € LP(E) where 1 < p < oo satisfying g — ¢ a.e. and there
1 1
exists M > 0:Vk : ||gx||, < M < oco. Prove that for all f € LY(E) where — + — =1
P q
we have lim [ g, f = /gf.
k—o0 E E

2. (10ps) Let £ C R" be any set. Prove that E is the set of all continuous points of a
function f : R" — R if and only if F is a G§ set.
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3. (15ps) For 0 < p < 1 and g satisfying —+ - =1lor0 < ¢ <1, — +
p

q

fro=(Lr) - (fo)

4. (15ps) Either prove or disprove that any set A C R" is contained in some Lebesgue
measurable set £ with |A|. = |E]|.
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f,9: E — R, prove that

5. (15ps) Let f;, : E —Rand 3¢ € L(E) : Yk : |fi] < ¢ a.e.. Suppose fr — f, prove

that f € L(F) and
kh—{go/Efk B /Ef'

6. (15ps) Suppose f € L>([a,b]) and lim f(z) = L satisfying 0 < L < co. Does the
T—a
following limit exist? If yes then compute the limit, if not give a reason why it does

not exist.

e f(z)
tli{?*/a J(x—a)-(t—x)dx, t€la,b].

7. (15ps) Suppose E C R" (not necessarily measurable) satisfies |E|. > 0. Prove that
Vd e (0,|F|.) : 3K C E where K is a compact set and |K| = 9.



