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1. (15ps) Give an example of a function f : [π,∞) → R that is improperly Riemann integrable but

f /∈ L1([π,∞), dx), that is not Lebesgue integrable.

2. (15ps) Show that there is a measurable set E ⊂ R with |E| > 0, E contains no intervals.

3. (15ps) Suppose fk, f : E → R are measurable functions, p > 0 and lim
k→∞

∫
E

|f − fk|p dx −→ 0.

Show that there is a subsequence {fkj} for which fkj −→ f a.e. in E.

4. (20ps) Let f : [a, b] → R be bounded. Prove that f is Riemann integrable if and only if f is

continuous a.e. on [a, b].

5. (20ps) Let E1 ⊆ E2 ⊆ E3 ⊆ · · · be a sequence of non-empty sets in Rn and let E =

∞∪
j=1

Ej . Prove

that lim
j→∞

|Ej |e = |E|e.

6. (15ps) Given E ⊆ Rn a measurable set with |E| < ∞. Show that for every ϵ > 0, there exists a

finite union of (closed) intervals F =

N∪
j=1

Qj such that

|E∆F | ≤ ϵ , where E∆F denotes the symmetric difference (E \ F ) ∪ (F \ E).


