NCU Ph.D Qualifying Exam PR AZE L E1E=E. Real Analysis B2 K
Fall 2021

1 1
1. (20%) Let f, f,, € LP(E), g, g, € LY(E) where E is measurable and —+— =1, p,q > 1. Suppose
P q

Wfo—fllieey > 1180 — &llLaey — 0 as n— oo. Prove that

nlingoLlfngn —fgl=0.

2. (20%) E is a measurable set and f € L"(E) for some r < co. Prove that lirgo 1A, = IIflloo-
p—>

3. (20%) Let f : [0,1] — [0, c0) by

0 xeQ
min{k|a; #0}—1 x =0.aqya505a4... ¢ Q ,

flx) =

where 0.a;a,a34,... is the decimal expansion of x € [0, 1]. For example f(0.00321450078...) =
2, £(0.0700340098...) = 1, f(0.00000334789...) = 5 etc... Show that f is measurable and
find the Lebesgue integral

f.

[0,1]

4. (10%) Either prove or disprove the following statement: If {a,} is a sequence of real numbers

with lim a, = a then
n—o0

n+1
. n+l
lim = a.
n—o00 a;ll

5. (10%) For x € [0,1] denotes by 0.a;a,as... the decimal representation of x. In the case
x has two different representations such as x = 0.34199999..... = 0.342 we choose x =
0.34199999.... Define

B = {x€[0,1] : x=0.aq;a5as..., 3neN : a,=7}.
Show that B is measurable and compute the Lebesgue measure of B.
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6. (20%) LetQ = {a;,a,,as,...}. Define G = U (an — =, 4+ —2) For any closed set F prove
] n n

that m(F A G) > 0 where AAB = (A\ B) U (B \A) and m(-) denotes the Lebesgue measure.



