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1. (5ps) State the definition of the Lebesgue outer measure of a set E ⊆ Rn.

2. (20ps) Let | · |e denotes the Lebesgue outer measure. For any rectangle R = [a1, b1] × [a2, b2] ×
· · · × [an, bn] in Rn let v(R) = (b1 − a1) · (b2 − a2) · · · (bn − an) denotes its volume. Either prove that
|R|e = v(R) or give a counterexample to show that this statement is false.

3. (15ps) Let A,B ⊆ R be any sets such that A ∩ B = ∅. Either prove that |A ∪ B|e = |A|e + |B|e or
give a counterexample to show that this statement is false.

4. (20ps) If |E| < ∞ where | · | denotes the Lebesgue measure Prove

lim
p→∞

(∫
E

|f(x)|p dx
) 1

p

= ∥f∥∞,E .

In the above the integral is the Lebesgue integral and the norm ∥f∥∞,E = ess sup
E

|f | and is defined

to be

ess sup
E

f =

{
∞ if ∀α ∈ R : ω(α) > 0

inf{α ∈ R |ω(α) = 0} otherwise.

where ω(α) = |{x ∈ E | f(x) > α}|.

5. (5ps) Complete the following definition: Let Let f, fk : E → R be finite a.e. and measurable
functions, where R denotes the extended reals. fk is said to converge in measure (or in probability)
on E to f denoted by fk

m−→ f if .....

6. (10ps) Either prove or give a counterexample that if f, fk : E → R be measurable and finite a.e. If
fk −→ f a.e. on E then fk

m−→ f on E.

7. (10ps) Show that a set E ⊂ Rn is measurable if and only if for every set A ⊂ Rn we have |A|e =
|A ∩ E|e + |A− E|e.

8. (15ps) Let f be a continuous function on [0, 1]. Suppose for all k = 0, 1, 2, ...

∫ 1

0

xk f(x) dx = 0

then ∀x ∈ [0, 1] f(x) = 0.


