Probability Qualify Examination

. Let Fbea o -algebraon €2 andlet & bea m-system witho (8)= .
If PandQ are probabilities on %, such that P=Q on &, show that P=Q on
F.

. Let X and Y be random variables and let A be an event. Prove that the
function Z=XI,+YI . is arandom variable.

. Prove that for x>0 i P{X >k} <E(X)<ZP(X>k)
k=1

. Let X be a P(A) (Poisson distribution with parameter A ), show that
P(X 224)<(9))".

. Let X,,X,,..be pairwise uncorrelated with mean O and partial sums

S,=>.X,. Prove that if there is a constant ¢ such that Var(X,)<c for

k=1

. Let X, X,,..be 11d. and integer-valued, with partial sums §,=>X,.

i=]

Prove that for each n and k, P(S, =k) =é ’[;e""“géx (1)"dt, where ¢,(1) is

the characteristic function of X.

. Let X, X,,...be independent random variables, o = var(X,).

If there is a constant ¢ such that P{|X,|<c}=1 for each & and if
o, > asn—>w, Show that the Lindeberg condition is satisfied.

£



8. Let X,,X,,..be i.i.d. with E(X,)=u,var(X,)=0c" and finite fourth central

. : 1 -
moment x, = E[(X, — #)*] Define the sample variance S; =—> (X,-X,)*,
N ia

S .
where X,=—>X, isthe sample mean. Prove that
n-

Jn(S; —0?)
\//-14 -o'

< 5 N(0,1).

9. Let X,Yel’ besuchthat E(X|Y)=Y and E(Y|X)=X.

Prove that X =Y.

10. Let X be a submartingale with respect to Y. Prove that for each » and

each a>0,

P{max X, 2a}<— E(X {maxX >ag))s——=2~

I<ks<n
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