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I. Let (Q,F,P) be a probability space and Ny be the set of all null sets in (2, F,P).
Show that for any Borel subfield F; of F, there exists a minimal Borel field F; satisfing
Fi CF, C Fand Ny C Fo.

(A set E belongs to F; if and only if there exists a set F'in F, such that EAF € M)
(10%)

2. Let Y be a nonnegative random variable and k£ > 0. Show that E(Y*) = [5° ky*~'P

(Y > y)dy. (10%)

3. (a) What is the (1st) Borel-Cantelli Lemma? Prove or disprove the converse of the

Borel-Cantelli lemma.

(b) Show that X, — X in probability if and only if for every subsequence X,(,,) there

is a further subsequence X,y,) that converges almost surely to X.

(15%)

4. (a) What is the Kolmogorov’s Three Series Theorem? o

\72
(b) Show that if Xy, X3, - - - are independent with EX,, = 0and Y. (X2Ix, 1<) + | Xal

n=1

8

I(|Xn|>1)) < oo then ) X, converges.
(10%)
5. (a) Let Xi, X, - - beindependent and let o, = (Var S.)Y?%, where S, = X1+ -+ X,.

If there is a § > 0 so that lim a?*%) i E(|Xm — EXp|**) = 0, show that
i m=1

(Sn — ESR)/an converges in distribution to the unit normal.




(b) If X;, X5, are independent with |X;| < M and § Var(X,) = oo, show that

n=1

there are constants a,, b, so that (5, — bn)/an converges to the normal distribu-

tion.

6. Show that

(a) p({a}) = Tlirn a7 JTp e7ap(t)dt, where o(t) is the characteristic function of the

propability measure u(-).

(b) Jim o [ le(0)dt = = u({X))"

(Hint:you may use (a) and consider the random variable X — Y, where X,Y are iid.)

(15%)

7. Suppose that X is an integrable random variable on (2, F,P) and that G is sub-o-field
in F. Show that (15%)

(i) there is a random variable Eg(X), called the conditional expectation of X given
G, which has the following two properties:

(a) Eg(X) is integrable w.r.t. G, and

(b) fg Eg(X)dP = [ XdP for all G € G.
(ii) If G, and G, are o-fields such that Gy C Go C F, then Eg [Eg,(X)] = Eg,(X).
(iii) If EX? < oo, then Eg(X) is the projection of X from L?*(F) onto to L*(G), where
LAF) =Y e F.EY? = o}
8. (a) What is the Martingale Convergence Theorem?

(b) Show that if X, > 0, n > 0, is a supermartingale, then X, — X a.s. and

EX < EX,.

(10%)



