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Ordinary Differential Equations

1. (20%) Consider the following initial value problem

da: T n
— =f(t2), f:DCRxR" - R )
LC(tD) = Xg.

Prove the following statements respectively :
(a) Let f € C(D) and (to,zg) € D. Then (1) has a solution on an interval I =

[to — ¢, to + ¢] for some ¢ > 0.
(b) If, in addition, f(t,z) satisfies a Lipschitz condition in = on D, then for any (g, z¢)

in D, there exists a unique solution z(¢, o, zo) of (1) passing through (¢¢, zg).
(c) Let ¢(t,tg,&) be the unique solution of

dx
E = f(t,SC) (2)

.Q'J(to) = 60.
on J = [a,b]. Assume f, exists and is continuous at all points (¢, ¢(t, o, &), t € J.
Then the system E,¢ : %€ = f(¢,z),2z(r) = £ has a unique solution ¢(t, 7, &) for

(1,€) near (to,&p). Moreover ¢¢(t,to,&o) exists (¢ € J) and satisfies the linearized
homogeneous equation

dy
= = fa(t:(t: 10, €)Y

Y (to) = 1.

2. (20%) Consider the Lotka-Volterra two species competition model

( dx x
pri mnz(l - E) —aTy
dy Yy
iy 1 — =2 —
{ 3 = vl - 1) — ey (3)

V1,72, K1, Ko, 01,2 > 0
L z(0) > 0,y(0) > 0.

For various possible cases, do the following :
(a) Do the stability analysis for each equilibrium with nonnegative components.

(b) Find the stable manifold of each saddle point.

3. (20%) Consider the van der Pol equation

z" 4+ e(z? — Dz’ +x =0. (4)

Prove the following statements.
(a) Equation (4) has a unique asymptotically stable limit cycle I' for every ¢ > 0.

(State the theorem used.)
(b) Let D = {(z,y)|z? +y? < 3}. Then T ¢ D. (State the theorem used.)



. (20%) Consider the equation of simple pendulum with damping

0" + B0 +k*sinf =0, 8> 0,k >0, (5)

¢ =1
P = —k*sin6 — By. (©)

(a) Prove ltl'nn ¢'(t) = 0 by using the decreasing property of the energy function for
—+00

and its equivalent system

system (6).
(b) Sketch the approximate orbits of system (6) in the phase plane.

5(a). (5%) State the Poincare-Bendixson Theorem.
(b) (15%) Use the Poincare-Bendixson to prove the following system possesses a limit

cycle:
dx (1 T ) me
e T —— ) —
at K' a+z’
dy — mw Fy’ K! m1 a’1 d > 0' (7)
il Yt

z(0) > 0,%(0) > 0,



