Qualifying Exam.: Ordinary Differential Equations Feburary, 2020

1.(10%) Let x(¢), f(t) and g(t) be real continuous functions defined in [a, b] such that x(t) > 0 for all
€ [a,b]. Suppose f(t) is differentiable and

z(t) < f(t) +/ g(s)x(s)ds, for all t € [a,b].

Prove that

v < 1@ [ o6+ [ et [ gwidas

2. (20%) (1) (10%) Consider the third order differential equation:
-ty +2t-3)y" -ty +y=0, t<2.
Please find the general solution of the ODE by using the particular solution ef.
(2) (10%) Find the general solution of the following non-homogeneous system:
' =Te —y+ 62 — 5t — 6,
y = —10x + 4y — 12z — 4t + 23,
2= 2rx+y—2+2.

3. (30%) (1) (10%) Please state the Poincare-Bendixson Theorem of ODE.

(2) (10%) Consider the system:
¥ =3z +y—x(2? +y?),
{ y' =~ +3y —y(@® +y?).
Does the system have periodic solutions or not ? If yes, please find them and determine
their stability.
(3) (10%) Consider the system:
' =22 +y+ x>,
{ Y =3z —y+ 3.
Does the system have periodic solutions or not ? If yes, please find them and determine

their stability.

4. (40%) (1) (10%) Please state the Floquet’s Theorem of ODE.

e 2tcost —sint

(2) (10%) Suppose (t) = [ _g

¢ s is a fundamental matrix of the linear system
e “'sint  cost

% = A(t)x. Please find A(t) and solution of the initial value problem:
x=At)x+ (1,e )T, x(0) = xq.

(3) (10%) Consider the ODE system:

¥=xz—y—2a>

—ay?,
Y =z+y—aty—y°
2= Az,
where A is a real constant. Please find the Poincaré map for the periodic solution «(t) :=
(cost,sint,0), and the Floquet’s exponent of v(t).
(4) (10%) Let a(t) and b(t) be continuous and T-periodic functions, ¢1(¢) and ¢2(t) be solutions
of the ODE: y" + a(t)y’ + b(t)y = 0. Assume that ¢1(0) = 1, ¢2(0) =0, ¢,(0) =0,
@5(0) = 1. Please find the Floquet’s multipliers of the ODE.



