Ordinary Differential Equations

2019-01

1. Consider the initial value problem (IVP)

{fl—f = f(t,z),f: D — R",

l‘(to) = Xy,

where D is an open set in R x R™, (o, x¢) is in D.

Prove that (A) if f is continuous in D and satisfies Lipschitz condi-
tion in z , then above (IVP) has one and only one solution on the
interval I = [ty — ¢, to + ¢] for some ¢ > 0.

(B) If, in addition, f is differentiable in x then the unique solution
x(t, zo) is differentiable with respect to x.

2. Do the stability analysis for the following Lotka-Volterra two
species competition model Does the model have a periodic solution
in some parameters 7 State and show your answer.

% = 011’1(1 - fl—i) — Biry2,

% = 02952(1 - Z—;) — Bam1 29,

$1<0) > O,LUQ(O) > 0,

where ¢y, ¢o,dy, ds, B1, P2 > 0.

3. Consider the Lotka-Volterra two species competition model

dd% =rz(l — }”(—11) — QT1T9,
ddif = rwa(1 — %) — Pr1x2,

1’1(0) > 0,1’2(0) > 0,

Show the solution z1(t) > 0,z9(t) > 0 for all ¢ > 0, and z; and x9
are all bounded. Does the model have a periodic solution in some



parameters 7 State and show your answer.

4. Consider the two-dimensional system X’ = (A+B(t))X, where

~1 05
A:(0.5 —1)’

67252 ;

1+t2002

Prove that lim; ., X (t) = 0 for every solution X (¢).

5. Show that z” + f(z)z’ 4+ g(z) = 0 cannot have any periodic
solution in a region where f(z) is of the same sign.



