Qualifying Exam for Numerical Analysts at Math.NCU

September 1, 2009
Throughout this problem sheet, {2 denotes some bounded polygonal convex domain in the
two dimensional space. Let L2(Q), H'(Q) and H}(Q) be the function spaces with their
standard definitions. Let the bilinear form (-, -) be the standard L2-inner product and |||
be the standard L*-norm.

1. Basic Models
Let V be a Hilbert space with scalar product (-, )y and corresponding norm ||-[[v. Suppose
that a(,-) is a bilinear form on V x V and £(-) a linear form on V' with the following
properties.

(i) a(-,-) is symmetric.

(ii) a(-,-) is continuous; that is, there is a positive constant « such that

la(v, w)| < vllvllv lwllw, Yo,weV.
(iii) a(:,-) is V-elliptic; that is, there is a positive constant o such that
a(v,v) > al|v||}, YveV.
(iv) ¢ is continuous; that is, there is a positive constant A such that
1£(v)] < Allvllv.

Show that the minimization problem

Find u € V such that F(u) = l’rél‘l} F(v) where F(v) = %a(v,v) —£(v) (L.1)

and the abstract variational problem
Find v € V such that a(u,v) = £(v), Yv eV (1.2)

are equivalent, and there is a unique solution u € V such that
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2. Finite Element Spaces

Let T, be a triangulation of 2, and K € Ty be a triangle with vertices al, a2, a® where
at = (ai,ab). Let V}, be the standard finite element space of piecewise linear functions on
triangles K, that is,

Vi, = {U € Hl(ﬂ) l ’UIK € Hl(f‘f), VK € Th}

where TI; is the space of polynomials of degree 1 in variables z = (z1,z2). What is the
dimension of I1; (K) and what are the basis functions A;(z) for I, (K)?
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For a given triangle I let A be the longest side of K, p be the diameter of the circle
inscribed in K. For a given continuously differentiable function v on K, let the interpolant,
v € [1;(K) be defined by

Show that

[ = 9]loo < 2k max || D%vl|eo (2.1)
and )
. i
max | D*(v = 9) o < 6‘? max | D%l (2.2)

where o is a multi-index (o, ap) with whole number elements and |a| = a; + @ and
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And || - [|oo is an abbreviation of
0]l Lo () = ine%W(ﬂ?)l-

3. Systems of Linear Equations

Let A be an n x n square matrix. When A is symmetric and positive definite, the LU-
factorization of A becomes the Cholesky decomposition A = LLT, where L is a lower
triangular matrix with positive diagonal elements. Describe an algorithm for the Cholesky
decomposition and discuss its computational complexities.

4. Parabolic Problems
Consider the model parabolic problem

t—Au=f inQx(0,T),
u=0 onlx(0,7), (4.1)
u(z,0) = ug(z) inQ

where ©v = u(z,t) for x € Q and t € (0,T), & = du/It and Awu is the Laplacian of u in

space.
The semi-discretization (in space) for (4.1) is based on the variational formulation:

(a(8),v) + a(u(t),v) = (£(t),v)

w(0) = o Vv e Hy () (4.2)

Find u(t) € H} () such that {

What is the proper meaning of a(-,-) in (4.2)7

Let V;, be a finite element space in H&(Q), describe the semi-discretization of the
problem (4.1). And, let up () € V} be the finite element solution of your semi-discretization
problem, show the stability property that

lun (B < lluoll,  for t € (0,T).




5. Hyperbolic Problems ;
Cousider the reduced model problem e

»

{ug+u:f in Q

W= ol
It comes from setting € = 0 in the stationary part
div(fu) + ou —eAu=f in

of the convection-diffusion equation

%? +div(fu) + ou—eAu=0 in Q x (0,7).

Here I' is the boundary of I', while I'_ is the inflow part of the boundary. Let 3 be a unit
constant vector and vg = B - Vv denote the derivative of v in the direction of 8. Consider
(3 as the direction of flow, then

I'_.={zel|n(z)-B<0}

where n(z) is the outward unit normal vector at z € T.
Let 'y =T'/T_, define

(U,'w>:/l;vw(ﬁ-n)ds, _(v,w)_:/ il and ('u,w)+:/ vw(B - n)ds,

_ A
and let |v|? = (v,v). With the notation

b(w,v) = (wg + w,v) — (w,v) -
{v) = (f,v) = (g,v)-

we can formulate the standard Galerkin method with weakly imposed boundary conditions:
Find u” € V}, such that b(u",v) = £(v), Yov € V. (5.2)
Show the stability property of the problem: For any v € H'(§2), we have
b(o,v) = [oll* + 3ol

And argue that the problem (5.2) has a unique solution.



