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There are 7 question sets of total 100 points.

Stage Setting: In the following problems, whenever not specified, the sets are assumed be
Lebesgue measurable subsets of some Euclidean spaces R™ and integrations are Lebesgue
integrals. We write £ to be the Lebesgue measure of R"

1. m Let § € (0,1). Suppose { Ay} is a sequence of subsets of [0, 1] with its measure
L1Ag) > 6. Show that there is a subset B of [0,1] such that #'(B) > § and every
member z € B there are infinitely many k with x € Ay. Furthermore, show that there

o0
is a subsequence {Ay, } of {Ay} such that ﬂ Ay, # 0 with k; /" 0o as j — oo.

j=1

2. Let Q € R™ with 0 < £™(Q) < oo and let f € L'(Q,.¥") with f positive
Z" almost everywhere on 2. Is there a positive number A so that both sets {z € Q |
f(z) > A} and {z € Q| f(z) < A} whose corresponding Lebesgue measures are greater
than or equal to one-half that of 27 Justify your answer!

3. Let I =[0,1), A€ I, o, 3 € R and let

a whenever z € [0, A]
fz) =
B  whenever x € (A1),

Suppose that f is extended to be defined on R satistying f(z + 1) = f(z) and
then define fi(z) = f(kz) for k¥ € N. Show that, for any interval (a,b) C R and
g9 € L'((a,b), £"),

fe(x)g(z) dL'r — Do+ (1 - )\)ﬁ}f g(z)dL'zr as k — oo.

(a,b) (a,b)

4. Let f: R? — R be defined by

o) {%ﬁ whenever z > 0 and y > 0
T,y) =

0 whenever x <O ory <0,



(a) Show that f(z,y) is a Lebesgue integrable function of z, whenever y € R is fixed
and that [ f(x,y)d%"'z is a Lebesgue integrable function of y. (Comment: By

R
the fact that f(z,y) = f(y,z), the same results hold if we switch the order of
integrations).

(b) Cc.mpute/[R (/R flz,y) dﬁflzz:) dZ"y. (Comment: So=/R(]Rf(:c,y) dgi”]y) d¥'z.)

(c) Comment on the relation between this and Fubini’s Theorem.

5. Let 1 < p < oo and E C R™. Suppose that fi, f € LP(F,.£™) and that

fie — [ pointwise Z" almost everywhere on E as k — oo.

(a) Show that ||f]|, < lilgn inf || fxlp-
(b) In case || f|, = klim | fxll», prove or disprove that klim | fx — fllp = 0.

(c) Is possible that || f]|, < 1i{£n inf || fx||,? Justify your answer!

6. Let p € L'(R", &™) With/ p(r)dL"r = a € Rand let ¢ (z) = e ™p(E), €>
]Rn
0. If f € LP(R™, £"™), then show that the function

fe(z) = " [z = y)e(y) dLmy

converges to o f(x) in LP norm.

7. Let M be the subset of all f € L'(]0,1],#") such that /[01] Fit)dLt = 1.

Prove that M is a closed convez subset of L*([0,1], %) which contains infinitely many
elements of minimal L* norm.
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