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Analysis
Answer all of the following questions.

1. Suppose o is a one-to-one transformation of the set of positive integers

onto itself and a, is a non-negative real number for all n = 1,2, .. ..
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§ Oy = E Gg(n)-
n=1 n=1

2. Let P be the class of all polynomials of the form

Prove that

n
p(z) = Zaﬂ%ﬂ'
j=0

Show that a continuous function f in C[0, 1] can be uniformly approx-

imated on [0,1] by a sequence in P if and only if f(0) = 0.

3. Suppose f, € LP(R), ||fullp € M < o0, n=1,2,..., where 1 < p < oo.
Suppose f, converges to f almost everywhere and that ¢ € L%(R),
where 1/p+1/¢ = 1. Show that
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lim an(a;)g(a?)d:r;z/Rf(:n)g(a:)dx.

4. Let f :[0,1] — R be continuous and of bounded variation. Assume
that for each € > 0, fj, is absolutely continuous. Show that f is
absolutely continuous on [0, 1].



5. Let A and p be two positive Borel measures on R" such that A and p

are finite on compact sets and for every continuous function f on R"

/ fd/\:f fdu.
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. Let f, — f on [0,1] in the following sense: for every z in [0, 1], if

with compact support,

Show that A = p.

x, — x, then f,(z,) — f(x). Show that f is continuous if all f, are

continuous.

. Let {G,}). be a sequence of non-empty open sets in [0, 1] with the
Lebesgue measures m(G,) < 1/2" forn=1,2,.... Let

o0

fl@)=>_m(G,n[0,1]), 0<z<1.
n=1
Show that f is continuous, non-decreasing, and that f'(x) = +oo for
all z in N, G,,.

n=1

. Prove or disprove: There exist continuous real-valued functions f and
g defined on [0, 1] such that f(z) = g(z) for uncountably many points
z, but in every interval there exists a point & where f(z) # g(z).



