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In the following, we let R be a commutative ring with identity.

(1) Let M be a R-module.
(i)(5 %) Let a be an ideal of R. Show that

M/aM ~ M ®g R/a

as R/a-modules.
(ii) (5 %) Let p be a prime ideal of R. Show that

as Rp-modules.

(2) An R-module M is said to be torsion free if the annihilator Ann(z) = 0 for every non-zero
element z € M.

(a) (7 %) Prove the equivalence of the following statements.

(i) M is torsion free, (ii) My is torsion free for every prime ideal p of R, (iii) My, is torsion
free for every maximal ideal m of R.

(b) (7 %) Let N be a free R-module. Show that every short exact sequence
0N ->M->N-0

of R-modules splits and M ~ N’ @& N as R-modules. Does it true that the above short exact
sequence still split if N is not free?

(3) Let k be a field and let n > 1 be a positive integer. Let A = k[z1,. .., z,] be the polynomial
ring in n-indeterminates.

(a) (8 %) Let f € A be an irreducible polynomial. Show that Ay is a discrete valuation ring,
where Ay denotes the localization of A at the ideal (f) generated by f.

Note. A ring R is called a discrete valuation ring if there exists a discrete valuation v : K* — Z
from the field of fraction K of R satisfying (i) v(zy) = v(z) + v(y) and (i) v(z +y) >
min (v(z),v(y)) for all z,y € K* = K \ {0} such that R is the valuation ring of v (meaning
R={z e K*|v(z)>0}U{0}).

(b) Let g;(z;) € Qlzs], ¢ = 1,...,n (z1,...,z, are indeterminates) be irreducible polynomials.
(i) (7 %) Is it true that the ideal (g1, 92,...,¢:;) prime in the polynomial ring Q[z1, ..., z,] for
all 1 <4 < n? Give a proof if your answer is yes; otherwise, give a counter example.

(ii) (8 %) Let L; be a splitting field of g;(z;). Assume that g;(z;) is irreducible over the field
L1Ls---L;_ for every 1 > 1. Is it true that the ideal (g1, g2,...,¢;) prime in the polynomial
ring Q[z1,...,zy,] for all 1 < ¢ < n? Give a proof if your answer is yes; otherwise, give a



counter example.

(c) Let K be the field of fraction of A and let L = K(y) be a finite separable degree d > 1
- extension of K. Moreover y satisfies the equation

Y4+ g(z1,...,2,,Y) =0

where g(z1,...,2,,Y) € klz1,...,2,,Y] with Y-degrees less than d. Let B = k[zy,...,z,,y].

(i) (5 %) Is it true that B is a finitely generated A-module?

(ii)(9 %) Let C be the integral closure of A in L. Show that there exists a basis vy, ..., vy of
L over K such that C C D = Z?:l Awv; and that D/C is a torsion A-module.

(d) (7 %) Let q be a maximal ideal of C' and let p = qN A. Show that p is a maximal ideal of
A and C/q is a finite extension of A/p.

(e) (8 %) Let q be a prime ideal of C' such that qN A = (f) for some irreducible polynomial
f. Show that Cy is the integral closure of Ay in L and Cy is also a discrete valuation ring.

(4) Let L be a finite Galois extension of the field K with Galois group G' = Gal(L/K). Let
n > 1 be positive integer.

(a) (9 %) Prove that L®k L ~ [],c; oL as L-algebras.

(b) Let GL, (L) be the group of n x n invertible matrices with entries in L.

(1) (3 %) Verify that G acts on GLy,(L).

(ii) (12 %) A cross homomorphism of G into GL,(L) is a map ¢ : G — GL, (L) satisfying
the relation ¢(o7) = ¢p(o)op(T)Vo,7 € G. Show that for any cross homomorphism ¢ : G —
GL, (L), there exists an a € GL, (L) which depends on ¢ such that ¢(c) = a toa .



