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a. (6 pts.) Show that every group of order 15, 51 or 85 is
cyclic.

b. Let G be a group of order 255.
(1) (3 pts.) Show that there is only one subgroup of
order 17 in G.

(2) (3 pts.) Show that there is a subgroup having either
order 3 or order 5 and normal in G.

(3) (5 pts.) Let C' be the commutator subgroup of G.
Show that C' = {e}, where e is the identity element
of G.

(4) (3 pts) Show that G is cyclic.

a. (8 pts.) Let G be an abelian group and G = (z,y,z,u :
6z + 9y = 122 = 8z + 12u = 0). Please write G as a direct
sum of cyclic groups.

b. (12 pts.) Show that every finitely generated projective
module over a PID is free.

a. (10 pts.) (Nakayama’s lemma) Let A be a commutative
ring with identity. Let M be a finitely generated A-module
and I an ideal of A contained in the Jacobson radical of A.
Show that IM = M implies M = 0.

b. (10 pts.) Let A be a local ring, M and N finitely generated
A-modules. Prove that if M ® 4 N = 0, then M = 0 or
N=10

a. (10 pts.) Determine all the subgroups of the Galois group
and all of the intermediate fields of the splitting field (over
Q) of the polynomial X* — 12X?2 + 25.

b. (10 pts.) What is the Galois group over Q of the polyno-
mial X® — 10X + 57 Is it solvable?
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5. Let p be a prime, K a finite field of characteristic p, a an element
of K, and P(X) = X? — X + a. Let C be an algebraic closure
of K.

a.

b.

(5 pts.) Let a be a root of P(X) in C. Determine the
other roots of P(X) in C.

(5 pts.) Deduce that either the polynomial P(X) has all
its roots in K, or it is irreducible in K[X].

. (5 pts.) Let a # 0 in F,. Show that the splitting field of

the polynomial P(X) over IF, is an extension of degree p
of IF,,.

. (5 pts.) Let n be an integer. Show that the polynomial

X? — X + n is irreducible in Q[X] for an infinite number
of values of n.
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