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1. Prove or disprove the following statements:

(1) The image of a mesurable set under a continuous transformation is measur-
able.

(2) Let f be a Lebesgue integrable funtion on [a,b] € R. Then f is Riemann
integral.

(3) Let f and {f.} be measurable functions which are defined and finite a.e. in
aset B. If f, — f ae. on E, then { fn} converges in measure on E to Fe

(4) If f is absolutely continuous on [a, 0] € R, then it is of bounded variation
on [a, b].

2. Let f € L(0,1). Show that z* f(z) € L(0,1) for k € N and

1
lim [ 2¥f(z)dz = 0.
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3. Let ¢(z),2 € R, be a bounded measurable function such that ¢(z) = 0 for
|z| > 1and [¢=1. Fore> 0, let Pe(z) = e "P(x/e). If f € L(R™), show that

Iin%(f * Pe)(z) = f(z) in the Lebesgue set of f.
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4. Show that if f € LP(R™), 1 < p < o0, then

i [If (2 +8) - @)}, = 0.
5.Let f € L(R™) N L2(R™). Prove that f e LP(R"),1 < p < 2 and Ifll, <
CUI7 1l + 11 1l2), where C' depends only on p and n.

6. Let {¢x} be any orthonormal svstem for L*(R™) and f ¢ L2(R™). Set ¢; =
(f: @r). Show that {e,} € 2 and HexHle < Il



