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NCU PHD PROGRAM ENTRANCE EXAM: ANALYSIS
(May 18, 2007)

Note: All functions are real-valued.

(1) Let (X,B,p) be a measure space and {f,}°2, be a sequence of real-valued measurable
functions on X. Show that {r € X : 111}1;0 fa(z) exists} is a measurable set. (10%)
n

(2) Let

xsin(%) H0<z<1, a3sin(L) if 0<az <1,
= d — T
(@) { gt el BT Yol

(a) Determine whether f and g are of bounded variation on [0, 1]. Give your proof in each

case. (9%)
(b) Determine whether f and g are absolutely continuous on [0, 1]. Give your proof in each
case. (6%)

(3) Let f: R — R be integrable with respect to the Lebesgue measure. Show that the fuunction
g : [0,00) = R defined by

4B =wup /R e +9) - F@ldz: [yl < O

for t > 0 is continuous at t = 0. (15%)
(4) If a Lebesgue integrable function f : [0,1] — R satisfies jio‘ 1 z*"f(z)dz = 0 for each
n=20,1,2,..., then show that f = 0 almost everywhere. (15%)
(5) Let 1 < p < oo and f € LP[0,1]. Recall that f will be considered defined on all of R by
f(¢) =0ift &[0,1]. For each h > 0, we define
1
fult) = — f(z)dz
&) 2k Jie—n, t4h] (=)
for each ¢ € [0, 1].
(a) Prove that fj is continuous on [0,1]. (10%)
(b) Prove that || fall, < |Ifll,- (10%)
(6) Let (C[0,1],[|-]l1) be the normed space of all continuous real-valued functions on [0, 1] with
the norm || f]j; = f[ﬂ.ll |f], and
A={feC[0,1]: f(0) =0, f is differentiable on (0,1) and |f’| < 1}.

Prove that the integral equation
R
f@ =3 [ ey, zep)
0

has a unique solution f € A, where A is the closure of A in (C[0,1],] - [l1). (15%)

(7) Let 1 <p < ¢ < oo and S be a closed vector subspace of the normed space (LP[0, 1], ]| - |I,)-
Suppose that S is also contained in L7[0,1]. Let {f,}°2, be a sequence in S. Prove that
{fa}nz, is convergent in (L9[0,1], ] - |l,) if and only if {f,}2, is convergent in (LP[0,1], ] -
o). (10%)
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