Qualifying Exam for Differential Equations
Department of Mathematics, National Central University
2024 Winter

\/Problem 1. (20pts) Let D < R x R™ be an open set, (ty,zo) € D, and f : D — R" be a function. For
a given interval < R containing t; as an interior point, a function ¢ is said to be an e-approximate

solution of P
= =fa).  a(t) == (0.1)

on the interval I if
1. ¢ : I — R" is piecewise C':
2. (t,¢(t)) e Dforalltel;

W f(t, ot )|<6fora11tEI

Prove that for any sufficiently small ¢ > 0, there exists an e-approximate solution of (0.1) on the
b
interval / = {t ||t — to| < C}, where C = min{a,

\/ Problem 2. (15pts) Let z(t), z5(t) be differentiable functions defined on [a,b] such that for all
t € [a,b],

L. |z1(a) — z2(a)| < 6,
2. |21(t) — f(t, z1(t))| < €1, and
3. |a5(t) — f(t 22(D))| < €2
Show that if there is a constant L > 0 such that
|t z1) — f(z2)| < Llza — 29|  Vazi,z0€ R,
then for all £ € [a, b],
ellt—a) _ 1

L
VProblem 3. (15pts) Analyze the stability properties of the trivial solution of the following system:

= —qof(x Z aizi ,

= —=N\;z; + bzf(:l?) for 1 €£4< s

lz1(2) — 2a(£)| € 6507 + (&5 + 23]

where a;, A;, and b; are all positive and zf(z) > 0 if z # 0.

Hint: Choose v(z, 2) Jf ds+12(%) 2



"
Problem 4. (10pts) Consider the Predator-Prey model

’ J
] = a1z — hizizg,

.TL’; = —@p%s -+ 623)1332 )
where a1, ag, b1, and b, are all positive. Find all equilibrium and determine their stability properties.

Problem 5. (15pts) Analyze the stability properties of the trivial solution of the following equation:

-1 1Ty
0 |z+ T1T3
4 sin(z1x923)

3
1
where T = [z; 7o 23)T.
Problem 6. (10pts) Show that the equation
2’ + (32° — 82° — 12z)2' +2 =0

has a unique nontrivial periodic solution.
Problem 7. Let ¢(¢;e) be the limit cycle solution of

Y +e(y’ =1y +y=0, y(0)=y>10y(0)=0.

1. (8pts) Show that ¢(¢;¢) — acost as € — 0 for some constant o > 0.

2. (7pts) Compute the value of a.
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